Following the unconventional gas revolution, the forecasting of natural gas prices has become increasingly important because the association of these prices with those of crude oil has weakened. With this as motivation, we propose some modified hybrid models in which various combinations of the wavelet approximation, detail components, autoregressive integrated moving average, generalized autoregressive conditional heteroskedasticity, and artificial neural network models are employed to predict natural gas prices. We also emphasize the boundary problem in wavelet decomposition, and compare results that consider the boundary problem case with those that do not. The empirical results show that our suggested approach can handle the boundary problem, such that it facilitates the extraction of the appropriate forecasting results. The performance of the wavelet-hybrid approach was superior in all cases, whereas the application of detail components in the forecasting was only able to yield a small improvement in forecasting performance. Therefore, forecasting with only an approximation component would be acceptable, in consideration of forecasting efficiency.
Introduction
The development of unconventional gas in the United States accelerated through the 2000s, and contributed up to $284 billion to the US GDP in 2012. Moreover, millions of jobs in the US are supported by the unconventional oil and gas value chain [1] . These changes in the US introduced structural changes to the energy market, such as the decoupling of oil and natural gas prices. Therefore, the attention given to natural gas has been increasing. Furthermore, since the accident at the Fukushima nuclear power plant, increasing the supply of natural gas has become more important, especially in East Asia. This can be seen from the sharp rise in the spot Liquefied Natural Gas (LNG) demand and increased average distance of LNG transportation in Asia [2] . Based on this background, the International Energy Agency raised the prospect of a golden age of natural gas, in which the supply of gas will exceed the supply of oil and coal [3, 4] .
The natural gas market can be separated into two broad groups: The first comprises the markets of North America and the United Kingdom, and the other represents Europe and Asia. The market price in North America and the United Kingdom is dictated by supply and improved performance, compared to models used in other studies. Ahmad [29] used fuzzy wavelet decomposition to predict IBM daily prices, NASDAQ daily index values, and S&P 500 daily index values. Wavelet decomposition showed a better forecasting performance when the noise was removed, i.e., when denoising was applied. Shafie [30] applied wavelet transform, ARIMA, and Radial Basis Function Neural Networks (RBFN) to forecast the price of electricity in Spain by treating the price behavior as a nonlinear function, which therefore required a nonlinear model to capture the behavior of the price. He decomposed data by wavelet decomposition and four decomposed series were recognized by ARIMA. After applying ARIMA, inverse wavelet transform was performed and then the RBFN network was used to correct the errors of the wavelet-ARIMA predictor. RBFN detected potential nonlinear patterns hidden in the residual term. From the comparison with some of the most recent price forecasting methods, the proposed method showed a considerable improvement in the forecasting accuracy. Pindoriya [31] used an adaptive wavelet neural network (AWNN) for short-term price forecasting in the electricity markets. WNN was first proposed as an alternative to the classical feed-forward neural network (FFNN) for approximating arbitrary nonlinear functions. In addition, the Mexican hat wavelet is used as the mother wavelet, as opposed to the Daubechies wavelet, which is the most popular approach. This is because the Mexican hat wavelet is more suitable for continuous wavelet transform, which is needed for adaptive WNN. In this study, the forecasting results of the locational marginal price and market-clearing price based on the AWNN model were more accurate than the forecasting results obtained by other models.
From these studies in the literature, we could expect that any data sets, such as the oil price and stock prices, may be suitable for wavelet decomposition. The properties of wavelet decomposition, which extracts low and high frequency components from the original data, allow each component to be analyzed more easily. Furthermore, ARIMA, GARCH, and wavelet decomposition are linear models and ANN is a nonlinear model. In other words, wavelet decomposition can handle a noise and/or shocks and ARIMA, GARCH, and ANN can capture various movements in time series. Therefore, we can expect that the difference models will play a complementary role to describe data [32, 33] and the forecasting power will increase consequently when using the combination of these methods. The properties of wavelet decomposition are discussed in more detail in Section 3 (methodology).
When we forecast a time series, future information should not be implied based on past time points. However, some wavelet transformations, because of their own structures, such as Daubechies and Symlets, use future information in addition to previous information. This property of wavelet transformations is not appropriate for forecasting subsequent periods. To the best of our knowledge, the only wavelet decomposition method that has no structural problem when transferring future information to the present is the Harr wavelet. We refer to this as the boundary problem. There have been some studies of this problem, and they have used two approaches to solve it [34, 35] ; the use of the Harr wavelet is one such approach. Owing to the shape of the Harr wavelet, only previous and present time point data are used. The other approach is to use a time-based wavelet transform, which incrementally transforms data from the starting point to the nth point. In this study, we applied a modified version of this timebased wavelet transform, because the Daubechies wavelet is more appropriate to our time series. We avoided the boundary problem by adjusting the decomposition period.
Based on this body of literature, our impression was that combining wavelet decomposition with other forecasting models as a preprocessing step would improve the forecasting results. Actually, in all of the above studies in the literature, the researchers compared the results they obtained with their hybrid model with those of traditional models and in all cases, it was shown that the combined wavelet model produced superior results. This approach is quite similar to a denoising process. As mentioned above, wavelet decomposition separates data into several series.
In this process, some of the components that complicate the use of the model are eliminated, which facilitates data analysis by forecasting models such as ARIMA, GARCH, and ANN. Other researchers' promising results [25] [26] [27] 36] demonstrating the advantages of wavelet decomposition prompted us to exploit the advantages of wavelet decomposition as a preprocessing process.
Furthermore, Ahmad [15] focused on wavelet decomposition in his study of the denoising process. In his study, the time series was decomposed into approximate and detail components by implementing wavelet decomposition. The approximate component pertains to a trend of the time series, and the details represent a kind of variance. If the time frequency is very short, these details can then be regarded as noise. Consequently, excluding detail components from the forecasting analysis can improve the performance, provided that the detail components simply represent noise.
We test this hypothesis by comparing forecasting results including detail components with those that do not. Among the above-mentioned studies, there is no analysis related to natural gas spot prices, or the short-term behavior of natural gas prices. Because of the increasing importance of natural gas as an energy source, accurate forecasting of the natural gas spot price is necessary, as discussed above. In addition, we find that there are ambiguous applications of wavelet decomposition in comparisons of multi-step forecasting results. Therefore, we forecast the natural gas spot price, and discuss the boundary problem when applying wavelet decomposition. The Henry Hub weekly spot price covering the period from January 2000 to November 2013, obtained from the Energy Information Administration (EIA), is used. The data are available on http://www.eia.gov/dnav/ng/hist/rngwhhdW.htm. The forecasting performances of ANN, ARIMA, and of each model combined with wavelet decomposition are compared from one-step ahead to four-step ahead. These methods are implemented twice: first without detail components, and then with detail components, which is modeled by GARCH. Furthermore, these analyses are performed in two different ways, a case where wavelet decomposition is correctly applied, and one in which the boundary problem is ignored. We show that, if the boundary problem is ignored, the forecasting results could yield an overestimate. Therefore, we can clearly identify the effect of detail components and the boundary problem.
The remainder of this paper is organized as follows. Section 2 details the overall framework of this study. In Section 3, we state the methods used in this study, and the boundary problem. Section 4 presents the forecasting results for two cases: the first in which the boundary problem is considered and in the other in which it is disregarded. In Section 5, we present a summary of our results and conclude the paper.
Research Framework
This paper employs wavelet decomposition and the ARIMA, GARCH, and ANN models, to forecast the Henry Hub weekly gas spot price. The importance of the boundary problem of wavelet decomposition is illuminated by applying two different decomposition approaches. In addition, the effect of detail components in forecasting is analyzed by comparing the forecasting results with or without the detail components. ARIMA and ANN are used to forecast approximation components, while ANN and GARCH are used to forecast detail components. A flowchart of this study is presented in Fig 1, and we designed our experiment in two ways to compare the boundary problem issue. The experiment 1 doesn't consider the boundary problem, whereas the experiment 2 does. The detailed framework is described as follows:
Experiment #1
1. Use discrete wavelet decomposition (DWD) to decompose the Henry Hub daily gas spot price into a number of approximations and detail component series. We carry out a level 3 DWD, in which we use one approximation component and three detail components. Approximation components can be considered as the main movements or trends of the original series. Detail components might represent volatility or noise of the original series. For the comparison, we apply the DWD in two ways: modifying the decomposition period to correct the boundary problem, and implementing the decomposition as is.
2. Group the decomposed series into a training period and a testing period. After that, determine the lags in the approximation and detail components by using the Akaike Information Criterion for the ARIMA and GARCH models, respectively. The number of hidden nodes of ANN applicable to each of the decomposed subseries is determined by one-step ahead forecasting Mean Squared Error (MSE).
3. Apply the forecasting methods for each component. In this step, we can show the overestimated results caused by ignoring the boundary problem. The basic ARIMA and ANN models are applied in this step, because the main aim of this step is to reveal the overestimated results caused by the boundary problem.
a. Use ANN with DWD to forecast approximation without including detail components. This means that we assume detail components are noise.
b. Use ARIMA with DWD to forecast approximation without including detail components, which is the same as case A.
c. Apply ANN to the approximation and details for forecasting. In this case, we include detail components to obtain the results, and this means that these components are necessary factors to capture the volatility of the original series. The numbers of detail components that are included in the forecasting models vary from one to three. In other words, we set up three different forecasting models: one model with only one detail component, another model with two, and a third model with all three of the detail components.
d. The above three cases are calculated with the aim of comparing the forecasting results which were obtained by adjusting the wavelet decomposition of the next step. In other words, the above three cases are performed to demonstrate the effect of overestimating. The other purpose of our study, which is to show the effects of the inclusion of detail components, was achieved by applying ARIMA and ANN to forecast the approximation component, and ANN and GARCH for the detail components. In this step, we assume that the detail components represent a random walk process, with heteroskedasticity and mean zero. This assumption is based on the results of Engle's test [37] and Reboredo and Rivera-Castro [38] and it is quite natural to assume that way when we see the volatility of detail components. In this case, we did not use ARIMA to forecast details. Because GARCH and ANN are more suitable to model the volatility series than ARIMA, we thought there is no need for using ARIMA to forecast volatility. The results obtained in this stage are expected to enable the effects of detail components to be identified.
4. Reconstruct the forecasted series, and compare the results. Subsequently, expect to deduce whether the detail components for the Henry Hub natural gas spot price represent dispensable noise, or are a necessary ingredient for improving the forecasting performance.
Experiment #2
1. Adjust the method of applying wavelet decomposition to correct the boundary problem, and repeat steps (3) and (4) in the experiment #1. Comparing the results in this step is expected to reconfirm the best combination of wavelet components and forecasting models.
Decomposition and Forecasting Methods Discrete wavelet decomposition
DWD is a preprocessing method that projects a time series onto a collection of orthonormal basis functions. This transformation is applied to the data to obtain further information from the timedomain original data. After applying DWD to the data, we can analyze signals by decomposing them into various frequencies. The high-frequency component may be noisy, but the low-frequency component would contain a clear pattern of the original data, which facilitates forecasting. In this study, DWD is used to decompose the Henry Hub weekly spot prices into four subseries. DWDs consist of two basic wavelet functions, the father wavelet φ, and mother wavelet ψ [39, 40] :
The parameter j = 1,. . .,J is the scaling parameter in the J th level of decomposition, and k is a translation parameter. The father wavelet transforms the original signal (y(x)) to an approximation component D, and the mother wavelet transforms it to the detail component A, which is similar to the smoothed original data [41, 42] . Details are associated with oscillations of lengths 2-4, 4-8,. . ., 2 j -2 j+1 . We write the transforms as follows:
The structure of wavelet decomposition is presented in Fig 2 , where j is the decomposition level. From this structure, we infer that the original signal is represented by the summation of the decomposed components. Therefore, we can represent the original signal as the combination of approximation and detail components, as follows:
After the decomposition, we can apply various forecasting methods for each component to draw the best forecasting performance.
Decomposition results
Fig 3 shows the components generated by discrete wavelet decomposition. Clockwise from the upper left, we see the approximation component decomposed three times, whereas the detail component is shown decomposed three times, one time, and two times, respectively. This discrete wavelet decomposition can be carried out by the Daubechies, Coiflets, Symlets, or Discrete Meyer approach, among others. Among these wavelets, Daubechies and Symlets can be used for a perfect reconstruction with the maximum number of vanishing moments. Symlets are perfectly symmetrical; Daubechies are not. Because symmetry could decrease the flexibility in expressing data, we choose Daubechies wavelets. The number of vanishing moments of Daubechies wavelets was determined as three for the best MSE, within range of perfect reconstruction available.
ARIMA and GARCH
We used the traditional time-series models, ARIMA and GARCH, as control groups to compare the performance of the forecasting results. ARIMA is the most general linear model and consists of auto-regressive terms AR(p) and moving-average terms MA(q).
If there is a need for the difference to be rendered stationary, i.e., stationarized, the difference term should be included. For Eq 6, we can use back shift operator B instead of lagged variables. [43, 44] .
Data with heteroscedasticity could be described by ARCH(q) model suggested by Engle. The following Eq 9 is a general representation of ARCH(q) model.
GARCH is a generalized version of ARCH like ARIMA which is generalized form of ARMA. GARCH is useful model to analyze the volatility of a signal. This model is similar to ARIMA and comprises variance and white noise. The following equation is the general expression of GARCH(p,q) [43, 44] . Artificial Neural Network (ANN)
ANN is a mathematical model that imitates the human brain to solve problems. Because ANN has the ability to train itself under various circumstances, various fields such as finance and marketing make use of this method [36, [45] [46] [47] . In this study, multilayered perceptrons (MLP) are used as a forecasting model, and back propagation is used as a training algorithm. MLP is a layered feed forward network that is trained by static back propagation. Each perceptron has several inputs, and one output that is a nonlinear function of the inputs. Back propagation algorithms are most frequently used in the MLP model. Back propagation modifies the connection strength between the output nodes and the inner nodes. There are several advantages to this method. It is easy to use, and it can model any type of data. Its disadvantages are that the time taken for training is longer than that of other methods, and that it requires large amounts of training data. In short, networks with one hidden layer are capable of approximating any continuous functional mapping, if the number of hidden units is sufficiently large. The flow of the algorithm used in this paper is presented in Fig 4. The numbers of inputs, outputs, and hidden nodes are selected empirically, or by the Akaike informative criterion.
ANN model specification
We used the Levenberg-Marquardt back propagation method for our ANN model. For this ANN model specification, we find that the most influential element in ANN forecasting is the number of hidden nodes. The number of input factors is selected based on the information criterion (AIC) of the time series models. The number of lags for the original data and the cA3 component are determined by AIC for ARIMA specification while the number of lags for the cD1, cD2, and cD3 components is determined by AIC for GARCH specification. According to Reboredo and Rivera-Castro [38] , the detail component represents the volatility of a time series. Shumway and Stoffer, and Francq and Zakoian [43, 48] , suggest that the GARCH model is suitable for modeling this volatility. Therefore, the lags of the detail component are selected based on the GARCH model. The number of hidden nodes for both the original and decomposed series is selected by MSE, which is calculated from one-step ahead forecasting of the training set, because of its general use for checking the performance of the model [49] . Fig 5  demonstrates the MSE behavior when the number of hidden nodes changes in the original gas price series As seen in Fig 5, the use of one and two hidden node was found to be the best and the second best. However, these nodes did not satisfy the condition of training which means model was not converged. We repeatedly ran our model varying the epochs and performance goal but those models could not be converged even in the condition of over three thousand epochs and 10 −9 performance goal. On the other hand, the model with three nodes was converged at one thousand epochs and 10 −10 performance goal. Since an excessive number of training epochs could lead inappropriate estimation [50] and our goal is to validate the usefulness of the wavelet decomposition for the linear (ARIMA, GARCH) and non-linear (ANN) forecasting models, we selected the three nodes model as the optimal ANN model. In this way, the optimal number of hidden nodes for each component was determined. The optimal numbers of hidden nodes for the other components are listed in the Table A in S1 File.
Adjusted time-based wavelet decomposition
If one does not take the boundary problem into account when conducting wavelet decomposition analysis, an overestimation problem is allowed to arise; hence, the results will be not credulous. As stated in the previous section, the boundary problem in applying wavelet decomposition to a time series is an important issue. Nguyen and Nabney [34] approached this problem, and introduced appropriate wavelets in order to solve it. Certain wavelets use future information about a time series in the decomposition, and this is not reasonable in the concept of forecasting. They solved this problem by using Harr wavelets, which only use information from past and present data. Shensa [35] also solved this problem, by using an à trous timebased wavelet decomposition. We consider the Harr wavelet to be somewhat inflexible in comparison to other wavelets. Because we want to express the data in a flexible manner, an à trous time-based decomposition seems to be more suitable, in spite of the fact that it is a more timeconsuming process. The adjusted time-based wavelet is based on à trous time-based decomposition. This is a simpler and less time-consuming process, but only even step decomposition is available, due to the properties of discrete wavelet decomposition. The procedure we applied is as follows. Consider a series S(1), S(2),. . ., S(100) for two-step forecasting, and perform the following steps: 1. Carry out the discrete wavelet decomposition on S(1), S(2),. . ., S(k).
Retain the decomposed values for the k-1
th and k th time points only.
3. If k < 100, set k = k + 2 and repeat these steps.
Following this procedure, we could reduce the process to half of the à trous time-based decomposition.
Forecasting Results
As mentioned in the section on the research framework, we applied ARIMA and ANN to the approximation component, and ANN and GARCH to the detail components, for forecasting. When the detail components were included in the forecasting framework, we varied the number of detail components in the model. This is because we wanted to determine which of the detail components are relevant for forecasting, and which could be assumed to be noise. 
Forecasting Natural Gas Prices
Although the approximation component is the most important for expressing the original data, if the detail components are not noise, then including those components in the model could improve the forecasting performance.
Data
Representative international gas prices could be represented by the Henry Hub price, or the national balancing point (NBP) price. In this study we chose Henry Hub, because it is less dependent on the oil market than the NBP [51] . Henry Hub weekly spot prices were gathered for our analysis. In 2005, 44% of gas production in the United States was transferred through Henry Hub. Furthermore, Henry Hub is used as the index price for NYMEX, and for other spot and futures trading. The prices during the period extending from 2000 to November 2013 from the EIA are used in this study. Fig 6 shows the movements of the prices. The first 624 samples were used to construct forecasting models, and the rest were used to test the performance of these models; that is, out-of-sample forecasting. ARIMA, ANN, and ARIMA combined with wavelets and ANN combined with wavelets
In the first group of forecasting, ANN, ARIMA, wavelet decomposition combined with ANN, and wavelet decomposition combined with ARIMA were used to forecast natural gas spot prices by a multi-step ahead process. In the case where ARIMA and ANN are applied, the original data are forecasted directly. In the cases of a wavelet decomposition combination, only the approximation component was used for forecasting. The cases of wavelet decomposition at this stage do not consider the boundary problem. The optimal time lags for each case were selected by the AR term in ARIMA models. For clarity, only two models are compared in each picture. The results of the ARIMA model specification for the original series and cA3 component are in the Tables B and C in S1 File.
Figs 7-10 show the results of ANN, ARIMA, wavelet decomposition combined with ANN, and wavelet decomposition combined with ARIMA in both one-step and two-step forecasting, respectively. As shown in the figures, ANN and ARIMA are sensitive to data fluctuations, but the Forecasting Natural Gas Prices cases of combinations with wavelet decomposition appear to result in a smoothed version of the original data. As shown in Tables 1 and 2 , the forecasting performance decreased when the number of steps was increased. The ANN cases show a better performance than the ARIMA cases, and wavelet decomposition was able to improve the forecasting performance. This is because wavelet decomposition decomposes the original data into subseries, which creates data more suitable for forecasting. However, as we stated above regarding the boundary problem, these cases are problematic in that they use future information for forecasting purposes.
Results of models with detail components
The second forecasting group includes detail components. These components indicate the volatility of time series, and we want to determine whether detail components are meaningful for forecasting, or whether they simply constitute noise. Tables 3 and 4 show the forecasting results with detail components. The results of the previous section indicated that approximation components should be forecast by using ANN. Therefore, the approximation components used in this section are estimated by using ANN, whereas detail components are forecast by ANN and GARCH. A comparison of the following tables enabled us to determine which model is more suitable for forecasting detail components. We did not use ARIMA to forecast the detail components because an ARIMA model generally provides good results in the absence of large random changes [44] . Furthermore, GARCH is generally applied to highly volatile series caused by unexpected random effects [17, 52] . Because detail components are high volatile signals that have heteroskedasticity, we only applied ANN and GARCH to forecast detail components, but not ARIMA. The results indicate that the detail components have a slight influence on forecasting results, in the sense that they decrease the forecasting performance when ANN is used as the forecasting method. We also applied other approaches to forecast detail components. Using Engle's ARCH test, heteroskedasticity was found in the detail components. However, the use of GARCH led to a slight increase in the forecasting performance. Therefore, we infer two conclusions. First, GARCH is more suitable to forecast detail components. Second, even though the detail components have a little effect, its effect is very slight or negative. Therefore, it is hard to conclude that there is practical advantage when including detail components in the model. The results of ARCH test, model specification of each detail component are in the Tables D, E , F, and G in S1 File. Forecasting Natural Gas Prices
Results of adjusted forecasting methods using wavelet decomposition
As we stated in the introduction, disregarding the boundary problem will result in overestimation. Therefore, we perform adjusted two-step ahead and four-step ahead forecasting to handle the boundary problem in this section, and compare the results to those of previous sections. We forecast the approximation by using ARIMA and ANN. Although ANN performed better than ARIMA in previous sections, ARIMA is also used to show that there is definitely an over estimation problem. In contrast, the detail components were only forecast by using GARCH because of its superior ability to forecast detail components compared to ANN. When comparing Tables 5 and 6 to Tables 7 and 8 , it becomes clear that there is a considerable overestimation of forecasting when the boundary condition is not considered. Although the forecasting performance decreases when the boundary condition is taken into account, based on comparing the results of Tables 7 and 8 to Tables 1 and 2 wavelet decomposition could improve the performance of forecasting. In respect of detail components, there is only one case which improves the forecasting performance. Furthermore, that improvement was only less than 0.1%. These results indicate that including the detail components in a forecasting model is not helpful in the perspective of forecasting power.
Conclusion
Based on a combination of wavelet decomposition with the ANN, ARIMA, and GARCH models, we have suggested an up-to-date forecasting model for natural gas prices. Our proposed approach can handle the boundary problem, such that it facilitates the extraction of the appropriate forecasting results. In addition, our tests showed that the inclusion of detail components Forecasting Natural Gas Prices improved the forecasting performance, even though the improvement was slight, and this indicated that detail components do not merely constitute noise. A comparison of the results in Tables 1 and 5 with those in Tables 7 and 8 showed that there is definitely an over estimation problem when the boundary problem is not considered. In terms of forecasting performance, wavelet decomposition was not found to improve the performance of two-step ANN forecasting; however, the results of ARIMA forecasting were improved slightly. Many prior studies have shown that the best performance is obtained by using wavelet decomposition combined with ANN. However, in our analysis, using ANN alone was shown to be the best method for two-step forecasting, whereas wavelet decomposition combined with ARIMA was the best case for four-step forecasting. Therefore, the classical ARIMA forecasting methodology should be considered as an alternative choice when applying wavelet decomposition.
The results we obtained for the adjusted forecasting enabled us to reach the conclusion that GARCH is more suitable than ANN to forecast the detail component but the inclusion of the detail component in a forecasting model do not offer a clear advantage against the model in which only the approximation component. considering the boundary condition supports this conclusion. Therefore, when forecasting natural gas prices, usage of de-noised time series which means the approximation components of time series can be an appropriate alternative. Our proposed approach for discrete wavelet decomposition is simple, and is capable of simplifying the data processing procedure. However, the properties of discrete wavelet decomposition, or time-variant transformation prevented us from carrying out odd-number step-ahead forecasting. In addition, the mirror-effect problem, a problem associated with many wavelets other than the Harr wavelet, also remains. We will address these issues in future work.
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